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$a_{k+n}=c_{1}a_{k+}-1+n\ldots+c_{n}a_{k}(k=0,1,2, ., .)$ (1)
. , $a_{0},$ $\ldots,$ $a_{n^{-1}}$ $c_{1},$ $\ldots,$ $c_{n}$
, $a_{0},$ $\ldots,$ $a_{n^{-1}}$ $0$ , $c_{n}\neq 0$ .
,
$\Phi(X)=X^{n}-c1x^{n^{-1}}-\cdots-cn$ (2)
. $Q$ . Mahler .
Theorem$(\mathrm{M}a\mathrm{h}\mathrm{l}\mathrm{e}\mathrm{r}[4])$ . $\{a_{k}\}_{k\geq 0}$ (1) . $\Phi(X)$ $Q$
, $\rho_{1},$ $\ldots$ , $\rho_{n}$ , $\rho_{1}>\max\{1, |\rho_{2}|, \ldots, |\rho_{n}|\}$ .
, $\alpha$ $0<|\alpha|<1$ , $\Sigma_{k=0^{\alpha}}^{\infty}a_{k}$ .
, . (1) 2 $\{a_{k}.\}_{k.\geq 0},$ ’
$\mathrm{t}^{b_{k}}\}_{k\geq 0}$ , $l$ ,
$a_{k}=bk+\iota(0\leq k\leq n-1)$ $b_{k}=a_{k+l}(0\leq k\leq n-1)$
, $\mathrm{t}^{a_{k}}\}_{k}\geq 0\sim\{b_{k}\}_{k\geq 0}$ . $\sim$ . $\{a_{k},,\}_{k}\geq 0\oint$
$\{b_{k}\}_{k\geq 0}$ . $f(z)$ $l$ $f^{(l)}(z)$ . $\overline{Q}$
. .
Theorem 1. $\{a_{k^{i}}^{()}\}_{k\geq 0}(i=1, \ldots, s)$ (1) $s$ ,
$\Phi(X)$ $\pm 1$ , 1 .
$f_{i}( \mathcal{Z})=\sum_{k=0}^{\infty}\mathcal{Z}^{a_{k}^{(}}\dot{.})(1\leq i\leq S)$
. $\alpha$ $0<|\alpha|<1$ . , $\{f_{i}^{(\iota)}(\alpha)\}_{1}\leq i\leq S,$ $l\geq 0$
$\{a_{k}^{(i}\}_{k\geq 0})\oint\{a_{k}^{(j)}\}_{k\geq}\mathrm{o}(1\leq i<j\leq s)$
. :
961 1996 137-149 137
Theorem 2. $\{a_{k}\}_{k\geq 0}$ (1)
. $\Phi(X)$ Theorem 1 .
$f(z)= \sum_{k=0}^{\infty}Z^{a_{k}}$
. $\alpha_{1},$ $\cdots,$ $\alpha_{r}$ $0<|\alpha_{i}|<1(1\leq i\leq r)$ . ,
3 .
(i) $\{f^{(l)}(\alpha_{i})\}_{1}\leq i\leq r,$ $\iota\geq 0$ .
(ii) 1, $f(\alpha_{1}),$ $\ldots,$ $f(\alpha_{r})$ $\overline{Q}$ .
(iii) $\{\alpha_{1}, \ldots, \alpha_{r}\}$ $\{\alpha_{i_{1}}, \ldots, \alpha_{i_{s}}\}$ , 1 $\zeta_{1},$ $\ldots,$ $\zeta_{s}$
$0$






Remark 1. $\Phi(X)$ $Q$ 2 ,
$\rho_{1},$ $\ldots,$ $\rho_{n}$
$\rho_{1}>\max\{1, |\rho_{2}|, \ldots, |\rho_{n}|\}$ , $\rho_{i}/\rho_{j}(i\neq j)$
1 ( 2 ) . ,
$\Phi(X)$ , Mahler [4] .
Remark 2. Theorem 2 $\{a_{k}\}_{k\geq 0}$ ,
Loxton-van der Poorten [3] .
2
$\Omega=$ (\mbox{\boldmath $\omega$} $n$ . , $\Omega$
$\rho$
$\Omega$ (cf. Gantmacher [2, p.66,
Theorem 3]) . $C$ , $C^{n}$ $z=(\mathcal{Z}_{1}, \ldots, \mathcal{Z}_{\mathcal{R}})$ ,
$\Omega$ : $C^{n}arrow C^{n}k$
$\Omega z=(\prod_{j=1}^{n}z_{j}^{\omega},$$\ldots,\prod_{=}1_{j}(v_{n})j1n\mathcal{Z}_{j}j$ (3)
. $\Omega$ $\alpha=(\alpha_{1}, \ldots, \alpha_{n})$ . ,
$\alpha_{1},$ $.,$ . $,$ $\alpha_{n}$ $0$ .
(I) $\Omega$ , 1 . $\rho>1$ .
(II) $\Omega^{k}(k=1,2, \ldots)$ $O(\rho^{k})$ .
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(III) $\Omega^{k}\alpha=(\alpha_{1}^{\mathrm{t}^{k}))}, \ldots, \alpha_{n}\langle k)$ , $k$ ,
$\log|\alpha_{i}|(k)\leq-c\rho^{k}(1\leq i\leq n)$
. , $c$ .
(IV) $0$ $n$
$f(z)\in C[[Z_{1,\ldots,n}z]]$ , $f(\Omega^{k}\alpha)\neq 0$ $k$
.
(II) $\Omega$ $\rho$ $\Omega$
.
, $I\mathrm{t}’$ . $I\mathrm{t}’$ $n$
$I\mathrm{t}’[z1, \ldots, Z]n’ I\mathrm{t}’[[z_{1}, \ldots, z_{n}]]$ .
Lemma 1(Nishioka [7]). $f1(z),$ $\ldots,$ $f_{m}(Z)\in \mathrm{A}’.[[z_{1,\ldots,n}z.]]$
$U$ ,
$|$ $+$ (4)
. , $A$ $I\mathrm{t}’$ $m$ , $b_{i}(z)\in$
$K[Z_{1}, \ldots, z_{n}](1\leq i\leq m)$ . , $n$ $\Omega$ $\alpha=(\alpha_{1}, \ldots, \alpha_{n})$ (
, $\alpha_{i}$ $0$ ) $(\mathrm{I})\sim(\mathrm{I}\mathrm{v})$ , $\alpha\in U$ .
, $f1(z),$ $\ldots,$ $f_{r}(z)(r\leq m)$ modulo $K[z_{1,\ldots,n}z]$ ,
$f_{1}(\alpha),$
$\ldots$ , $f_{r}(\alpha)$ .
, t $=\{0,1,2, \ldots\}$ .
Lemma 2( $\mathrm{S}\mathrm{k}\mathrm{o}]\mathrm{e}\mathrm{m}- \mathrm{M}\mathrm{a}\mathrm{h}\mathrm{l}\mathrm{e}\mathrm{r}- \mathrm{L}\mathrm{e}\mathbb{C}\mathrm{h}’ \mathrm{S}$ theorem, cf. Cassels [1] and
Nishioka [6] $)$ . $C$ $0$ . $\rho_{1},$ $\ldots,$ $\rho_{d}$ $C$ $0$ , $i\neq j$
$\rho_{i}\neq\rho j$ . $P_{1}(X),$
$\ldots,$
$Pd(X)$ $C$ $0$ 1
.
$R= \{k\in N_{0}|f(k)=\sum_{i=1}^{d}P_{i}(k)\rho_{i}=k0\}$ (5)
. , $R$ , $i\neq j$ , $\rho_{i}/\rho_{j}$ 1 , $R$
.
Lemma 3 (Masser [5]). $n$ $\Omega$ (I)
, $\alpha=(\alpha_{1}, \ldots, \alpha_{n})$ ( , $\alpha_{i}$ $0$ ) $\lim_{karrow\infty}\Omega^{k}\alpha=(0, \ldots, 0)$








$\{a_{k}\}_{k\geq 0}$ (1) .
$\Omega=$
.
Lemma 4. $\Phi(X)$ $\pm 1$ , 1
. $\alpha$ $0<|\alpha|<1$ . , (6) $\Omega$
$\alpha=(1, \ldots, 1, \alpha)$ $(\mathrm{I})\sim(\mathrm{I}\mathrm{v})$ .
Proof. $\Phi(X)$ $\pm 1$ 1 , 1
$\Phi(X)$ . , $\Phi(X)$ 1 . (6)
$\Omega$ $\Phi(X)$ (I) . $\Omega$
$\rho_{1},$ $\ldots,$
$\rho_{t}(t\leq n)$ . $\Omega$ $0$ , $\rho_{1}\geq\max\{|\rho_{2}|,-. . , |\rho_{t}|\}$












$\Omega^{k}=$ $\backslash \text{ }a_{k.1}^{(-1)}a_{k}(0)n++\cdot.\cdot.\cdot\cdot..n-n-1$ $a_{k}^{(n}a_{k^{-1)}}^{(}.\cdot.\cdot.\cdot.\cdot.0))$ $(k=0,1,2, \ldots)$
. $i$ , $a_{k}^{(i)}$ (5) $f(k)$ . , Lemma 2 ,
$\{a_{k}^{(i)}\}k\geq\text{ }$ $0$ . , $\lambda$ , $\Omega^{\lambda}$
. , Perron (cf. Gantmacher [2, p.53,
Theorem 1]) , $\rho_{1}$ $\Phi(X)$ , $\rho_{1}>\max\{|\rho_{2}|, \ldots, |\rho_{t}|\}$ . ,
$a_{k}^{(i)}=b(i)\rho 1k+o(\rho_{1})k(0\leq i\leq n-1)$ (7)
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(II) .
, $i$ , $b^{(i)}>0$ . $i$
, $b^{(i)}\neq 0$ . $i$ , $a_{k}^{(i)}\geq 0(k=0,1,2, \ldots)$ ,





$a_{k1}^{(i)}+=c_{n-i}a_{k}(n-1)+ak(i-1)(1\leq i\leq n-1)$ , $a_{k1}^{(0)}+=c_{n}a_{k}^{(}n-1)$
. , (7) $\rho_{1}k$ ,
$b^{(i)}\rho_{1}=c_{n-i}b(n-1\rangle+b(i-1)(1\leq i\leq n-1), b^{\langle 0)}\rho 1, =c_{n}b^{(n}-1)$
. ,
$b^{(i)}\geq b^{(i-1)}/\rho_{1}(1\leq i\leq n-1)$ , $b^{(0)}\geq b^{(n-1})/\rho_{1}$
. , $i$ , $b^{(i)}>0$ .
$\Omega^{k}\alpha=(\alpha_{n}-1’\ldots, \alpha)(k)\mathrm{t}0k)$ ,
$\alpha_{i}^{(k)}$
$=$ $(a_{n-1}^{1^{i}}, \ldots, a_{0^{i)}}))(\Omega^{k}\alpha$
$=$ $(a_{k+n}^{\mathrm{t}^{i})}-1’\ldots, a^{()}ki)\alpha$
$=$ $\alpha^{a_{k}^{(i)}}(0\leq i\leq n-1)$
, $\Omega$ $\alpha$ (III) .






$k=a+lb(l=0,1,2, \ldots)$ . $\{a_{k}^{*}\}_{k}\geq 0$
$a_{0}=i_{0,\ldots,n-1}a=i_{n-1}$ (1) ,
$k=a+^{\iota b}(l=0,1,2, \ldots)$ ,
$\alpha^{a_{k}^{*}}=(i_{n-1}, \ldots, i_{0})\Omega^{k}\alpha=1$ ,
, $a_{k}^{*}=0$ . $\{a_{k}^{*}\}_{k\geq 0}$ $0$ , Lemma 2 ,
$i$ $j$ , $\rho_{i}/\rho_{j}$ 1 . ,
, (IV) . $\square$
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Remark 3. $\{a_{k}\}_{k\geq 0}$ (1) . $a_{k}= \sum^{n}i^{-}=0aia^{\langle i)}k1$
, Lemma 4
$a_{k}=b\rho_{1}^{k}+o(\rho_{1}^{k})$
, $b= \sum_{i}^{n-}=0iab^{(i}1$) $>0$ . , $\sum_{k=0}^{\infty}za_{k}$ $|z|<1$
.
Proof of the statement in Remark 1 Lemma 4
, . $i$ $j$ $\rho_{i}/\rho j$ 1
, $\overline{Q}$ $\sigma$ \mbox{\boldmath $\sigma$} $=\rho_{1}$ , $\rho_{1}/\rho_{j^{\sigma}}$ 1
. , $\rho_{1}=|\rho j^{\sigma}|$ . $\rho_{1}>\max\{1, |\rho_{2}|, \ldots, |\rho_{n}|\}$
.
Lemma 5. $\{a_{k}^{(i)}\}_{k}\geq 0(i=1,2)$ (1) . $\Phi(X)$
$\pm 1$ , 1 . $\{a_{k}^{1^{i})}\}k\geq 0$
$\{a_{k}^{(i)}\}_{k>0}^{*}$ , Remark 3 , $\{a_{k}^{(i\rangle}\}_{k}^{*}\geq 0(i=1,2)$
. , $\{a_{k}^{(1\Gamma}\}_{k}^{*}\geq 0\cap\{a_{k}^{(2)}\}_{k}^{*}\geq 0$
, $\{a_{k}^{(1)}\}_{k\geq 0}\sim\{a_{k}^{\langle)}\}2k\geq 0$ .
Proof . . $\{a_{k}^{(1)}\}^{*}k\geq 0\cap\{a_{k}^{(2)}\}_{k>0}^{*}$
, $k_{1},$ $k_{2}$ $\llcorner$ , $a_{k_{1}}^{\langle 1)}=a_{k_{2}}^{1^{2})_{\text{ }^{}-}}$ . – ,
Remark 3 $X\text{ }$ ,
$a_{k}^{(i)}\backslash =b^{(i)kk}\rho_{1}+o(\rho 1)(i=1,2)$
. , $\rho_{1}>1$ , $b^{(1)},$ $b^{(2)}>0$ . , $\epsilon$ ,
$k_{\mathit{0}}=k0(\mathcal{E})$ , $k\geq k_{0}$ ,
$(b^{(i)}-\mathcal{E})\rho_{1}k\leq a_{k}^{(i)}\leq(b^{(i)}+\epsilon)\rho_{1}k(i=1,2)$
. , $a=ak_{1}k_{2}\langle 1$)
$(2)$
$k_{1},$ $k_{2}$ , $k_{1},$ $k_{2}\geq$ k ,
$(b^{(1)}-\epsilon)\rho_{1}k_{1}\leq(b^{(2)}+6)\rho 1^{k_{2}}$ , $(b^{(2)}-\epsilon)\rho^{k_{2}}1\leq(b^{(1)}+\epsilon)\rho 1k_{1}$
. $\mathcal{E}<\min\{b(1), b^{()}2\}$ ,
$0< \frac{b^{(1)}-\epsilon}{b^{(2)}+\epsilon}\leq\rho_{1^{k_{2}-}}k_{1}\leq\frac{b^{(1)}+\epsilon}{b^{(2)}-\epsilon}$
. , $\epsilon$ + , $a=ak_{1}k_{2}\langle 1$)
$(2)$
$k_{1},$ $k_{2}$ k ,
$k_{2}-k_{1}$ – $l$ .
$b_{k}=a_{k}-(1)a(k+^{\iota}2)(k \geq\max\{0, -l\})$
, $\{b_{k}\}$ (1) , $0$
. $\{b_{k}\}$ $0$ , Lemma 2 . ,
$k \geq\max\{0, -\iota\}$ $b_{k}=0$ . $\square$
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3Proof of Theorem 1. . . $n$
$P_{i}(z)=z_{1}^{a_{n}^{(i}}-)1\cdots z_{n^{a_{0}}}(\cdot.)(1\leq i\leq s)$
(6) $\Omega$ (3) ,
$P_{i}(\Omega^{k}z)=z_{1}^{a_{k+}}n-1(i)$ . . . $z_{n^{a_{k}^{(\cdot)}}}.(k=0,1,2, \ldots)$
.
$g_{i}(z)= \sum_{k=0}P_{i}(\Omega^{k}z)(1\leq i\leq s)$





$D_{1}^{k_{1}\ldots k_{n}}D_{n}g_{i()}Z(k_{1}+\cdots+k_{n}=L)$ { $D1$ D$\iota_{1}\ldots$ lngni $(\Omega z)$ } $\iota_{1}+\cdots+lnL=$ $Q$
$Q[z_{1}, \ldots, z_{n}]$ . ,
$L$ $\{D1^{k_{1}\ldots k_{n}}D_{n}g_{i}(z)\}1\leq i\leq s,$
$k_{1}+\cdots+k_{n}\leq L$ (4)
, Lemma 4 , $\Omega$ $\alpha=$ $(1, \ldots, 1, \alpha)$ $(\mathrm{I})\sim(\mathrm{I}\mathrm{v})$ .
$\{f_{i}^{\mathrm{t}^{l})}(\alpha)\}1\leq i\leq s,$
$0\leq l\leq L$ , $\{D_{n^{l}}gi(\alpha)\}1\leq i\leq s,$ $0\leq l\leq L$
, Lemma 1 , $\{D_{n}lgi(Z)\}1\leq i\leq S,$ $0\leq l\leq L$ $Q$ modulo $Q[z_{1,\ldots,n}z]$
. , $0$ $c_{il}(1\leq i\leq s,$ $0\leq$
$l\leq L)$ ,
$h(z)= \sum_{i=1\iota}\sum_{=0}^{L}c_{il}D_{n}lg_{i}(z)\in\delta Q[z_{1}, \ldots, \mathcal{Z}_{n}]$
.
$R_{i}(X)= \sum_{l=0}LcilX^{l}(1\leq i\leq s)$
,
$h(z)= \sum_{i=1k}\sum_{=0}^{\infty}R_{i(a^{(})_{Z}z_{n}}Ski)a_{k+n-}1(i)1,$. $.ka^{(}.\cdot$ )
.
$S=\{i\in\{1, \ldots, s\}|R_{i}(X)\neq 0\}$
, $S\neq\emptyset$ . k , $k\geq$ k $a_{k1}^{(i)}+>a_{k}^{(i)}(1\leq i\leq$
$s)$ , $i\in S$ , $k$ $R_{i}(a_{k}^{(i)})\neq 0$
143
. , $S$ 1 $h(z)\not\in Q[z_{1}, \ldots, z_{n}]$ . $S$
2 , Lemma 5 , $\{a_{k}^{\mathrm{t}^{i}}\}_{k\geq}^{*\mathrm{n}})0\{a_{k}^{(j)}\}_{k\geq}^{*}0$
$i,j\in S$ , $h(z)\not\in Q[z_{1}, \ldots, z_{n}]$
. , $i,j\in S$ , $\{a_{k}^{(i)}\}^{*}k\geq 0\cap\{a_{k}^{(j)}\}_{k}^{*}\geq 0$
. , Lemma 5 , $\{a_{k}^{(i)}\}k\geq 0\sim\{a_{k}^{(j)}\}k\geq 0$ . $\Pi$




$\beta_{m}$ $0<|\beta_{j}|<1(1\leq j\leq m)$ ,
$\alpha_{i}=\zeta_{i}\prod_{j=1}^{m}\beta_{j^{l_{\iota_{J}}}}(1\leq i\leq r)$ (8)
. , $\zeta_{1},$ $\ldots,$ $\zeta_{r}$ 1 , $l_{ij}(1\leq i\leq r, 1\leq j\leq m)$
(cf. Loxton and van der Poorten [3], Nishioka [6, p.75, 19]).
$y_{jp}(1\leq j\leq m, 1\leq P\leq n)$ , $y=(y11, \ldots, y1n’\ldots\ldots, ym1, \ldots, y_{mn})$
.
$g_{i}(y)= \sum_{k=0}\zeta_{i}^{a_{k}}\prod_{j=1}(y_{j1y_{j}}n1\ldots ak)^{l}a_{k}+-n.j(1\leq i\leq r)$
,
$f(\alpha_{i})=g_{i}(_{\vee}1,\ldots,1, \beta 1, \ldots\ldots,1,\ldots,1n-1n--1’\beta_{m})$
. $1\leq i\leq r$ $\zeta_{i}^{N}=1$ $N$ ., $t$




$\Omega=\mathrm{d}\mathrm{i}\mathrm{a}\mathrm{g}(\Omega_{1}, \ldots, {}^{t}\Omega 1)-^{t}$ (10)
$m$
.
$g_{i}( \Omega y)=\sum_{k=0}\zeta^{a_{k}}i\prod_{j=1}(yj.1-1\ldots y_{j}+\mathrm{f}+nn)^{\iota}akak+\iota ig$
, $1\leq i\leq r$





$g_{i}(\Omega y)-hi(y)$ $=$ $\sum_{k=0}^{u-1}\zeta i^{a_{k}}j\square (yj1-1\ldots y_{j}nn)m=1ak+t+ak+t\iota_{J}.$ .
,
$g_{i}(y)-g_{i}(\Omega y)\in Q[y](1\leq i\leq r)$ (11)
. $|\alpha_{i}|<1(1\leq i.\leq r)$ , (8) $l_{ij}>0$ $j$ $i$




. (11) , $Di1^{k_{1}}\ldots Dingi(k_{n}y)(k_{1}+\cdots+k_{n}=L)$
$\{D_{i1}\iota_{1}\ldots D_{in}l_{n}g_{i}(\Omega y)\}\iota_{1}+\cdots+l_{n}=L$ $Q$ $\overline{Q}[y]$
.
, (10) $\Omega$ $\beta=(_{\vee}1, \ldots, 1, \beta_{1}, \ldots\ldots,\underline{1,\ldots,1}, \beta m)$ $(\mathrm{I})\sim(\mathrm{I}\mathrm{v})$
$n-1$ $n-1$
. Lemma 4 , (9) $\Omega_{1}$ (I) ,
$\rho_{1},$
$\ldots,$
$\rho_{d}(d\leq n)$ $\rho_{1}>\max\{|\rho_{2}|, \ldots, |\rho_{d}|\}$
$\rho_{1}$
$\Omega_{1}$
, $\Omega$ $(\mathrm{I}),(\mathrm{I}\mathrm{I})$ .
$\Omega^{k}\beta=(\beta_{1}^{(k)}1’\ldots, \beta^{(k)\ldots(}1n’\ldots, \beta m1’., \beta_{m}knk)..())(k=0,1,2, \ldots)$
. $\{a_{k}^{()}i\}_{k}\geq 0(i=0, \ldots, n-1)$ Lemma 4
,
$\beta_{jpj}^{(k))}=\beta^{a_{kl}^{(n}}-_{P}(1\leq j\leq m, 1\leq p\leq n)$
.
$a_{k}^{(n-p)}t=b^{(n-p)}(\rho_{1}^{t})^{kk}+o((\rho^{t}1))$ , $b^{(n-p})>0(1\leq p\leq n)$
, $\Omega$ $\beta$ (III) .
, Lemma 3 (IV) .
$0$ $mn$ $i_{11},$
$\ldots,$
$i_{1n’\cdots\cdots,m1,\ldots,m}iin$ $a,$ $b$ ,
$\prod_{j=1}^{m}\prod_{p=}n1\beta_{jp}^{()^{\dot{i}_{j_{P}}’}}k=1$










. $j$ , $\{a_{k}^{\langle j)}\}_{k\geq}0$ $0$ .
$j$ , Lemma 2 , $k_{\mathit{0}=a}+^{\iota b}\mathrm{o}(l_{0}\in N_{0})$ $a_{k_{0}t}^{(j)}\neq 0$
. , $\beta_{1},$ $\ldots,$ $\beta_{m}$ , (IV)
.
$\{f^{(l)}(\alpha i)\}1\leq i\leq r,$
$0\leq l\leq L$ , $\{D_{in}\iota_{g_{i}}(\beta)\}_{1\leq}i\leq r,$ $0\leq l\leq L$
, Lemma 1 , $\{D_{in}\iota gi(y)\}_{1}\leq i\leq r,$ $0\leq l\leq L$ $\overline{Q}$ modulo $\overline{Q}[y]$
. , $0$ $c_{il}(1\leq i\leq r, 0\leq l\leq L)$
,
$G(y)= \sum_{i=1l}^{f}\sum^{L}C_{i}\iota D_{i}ng_{i}(=0\iota y)\in\overline{Q}[y]$
.










$S=\{i\in\{1, \ldots, r\}|R_{i}(X)\neq 0\}$
, $S\neq\emptyset$ . $\lambda\in S$ .




$k$ . , (12)
, $\mu\in S\backslash \{i_{1}, \ldots, i_{s}\}$
$(_{j=1}^{m} \square y_{j}^{l}\mathrm{I}^{a_{k_{1}}}\lambda j=(_{j=1}\prod^{m}yj\iota_{\mu J})^{a_{k_{2}}}$
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$k_{1},$ $k_{2}$ . , $1\leq$
$j\leq m$ , $l_{\lambda j}a_{k_{1}}=l_{\mu j}a_{k_{2}}$ , $j$ , $l_{\lambda j}=l_{\mu j}=0$ ,
, $l_{\lambda j}l_{\mu j}>0$ .
$T=\{j\in\{1, \ldots, m\}|l_{\lambda j}l_{\mu j}>0\}$
, $T\neq\emptyset$ , $j\in T$ $l_{\lambda j}/l_{\mu j}$ $c$ .
, Lemma 5 , $j\in T$ , $\{l_{\lambda jk}a\}_{k\geq 0}\sim\{l_{\mu j}ak\}k\geq 0$ .
, $l$ ,
$a_{k+l}=ca_{k}(k=0,1,2, \ldots)$
( , $c^{-1}$ $c$ .) $l=1$ , $a_{k}=$
$a_{0}c^{k}(k=0,1,2, \ldots)$ . , . , $l\geq 2$ ,
$\Psi(X)=X^{l}-c$ 2 $\Phi(X)$ . $\Psi(X)$ 1
, $\Psi(X)$ , . , $l=0$ ,
$c=1$ . , .
$l_{\lambda j}=l_{\mu j}(1\leq j\leq m)$
. , $\mu$ . , (13) .
$\gamma=\prod_{j=1}^{m}\beta_{j}^{\iota}\cdot.1J$
, $\gamma$ $0$ , $\alpha_{i_{q}}=(_{i_{q}}\gamma(1\leq q\leq s)$ . ,





, $karrow\infty$ $0$ , ,




Theorem 1 Theorem 2 .
Example 1. $\{a_{k}^{(i)}\}k\geq 0(i=1,2,3,4)$
$a_{0}^{(1)}=1,$ $a_{1}^{(1)}=3,$ $a_{2}^{(1)}=33$ , $a_{0}^{(2)}=0,$ $a_{1}^{(2)}=5,$ $a_{2}^{(2)}=29$ ,
$a_{0}^{(3)}=2,$ $a_{1}^{(3)}=3,$ $a_{2}^{(3)}=29$ , $a_{0}^{(4)}=1,$ $a_{1}^{(4)}=5,$ $a_{2}^{(4)}=25$ ,
$a_{k3}^{(i)}+=a_{k+2^{+1}}^{(}.i)6ak+1+(i)20_{a^{()}}ki(k=0,1,2, \ldots , i=1,2,3,4)$ (14)
. ,.. $\Phi(X)$. $=x^{3}..-..x^{2}-16X-$.$20.=\vee\backslash .\cdot.(X-.5)(.x+2)^{2}$.
$...\backslash \cdot$
Theorem 1 . , (14) , $i$ , $\{a_{k}^{(i)}\}k\geq 0$





, $0<|\alpha|<1$ $\alpha$ , $\{f_{i}^{(l)}(\alpha)\}_{1}\leq i\leq 4,$ $\iota\geq 0$
.





, Theorem 2 .
$f(z)= \sum_{k=0}^{\infty}Z^{a_{k}}$
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$\iota\geq 0$ , Theorem 2
$0$
$c_{0},$ $\ldots,$ $c_{m-}1$ ,
$\sum_{j=0}^{m-1}C_{j}(\zeta^{j},)a_{k}=0$ (16)
$k$ . , $k\geq 1$ , (15)
$a_{k}\equiv k$ (mod $m$ ) , (16) $c_{0}=\cdot\cdot\sim.,\vee\vee=.c_{m-1}=0$
, .
. , $\alpha_{1},$ $\ldots$ , $\alpha_{r}(0<|\alpha_{i}|<1,$ $i=$
$1,$
$\ldots,$
$7’)$ , 3 $m$ , $\{a_{k}\}_{k\geq}0$
Theorem 2 (iii) .
$f(.. \cdot z)=.\sum.\cdot k=..0^{Z}\infty...\cdot.a;k$
$\{f^{(l)}(\alpha_{i})\}i=1,\ldots,r,$
$l\geq^{0}$ .
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